It is proven the analog of Descartes' rule of signs and the Budan-Fourier theorem for entire functions.
To determine the number of real roots of a real polynomial on a segment of the real axis one frequently chooses to apply the classical Sturm method. However this method is rather cumbersome. Usually when solving this problem Hermite's theorem is used in combination with Descartes' rule of signs and the Budan-Fourier theorem (see, e.g., [1] ).
Theorem 1 (Descartes). Let P (x) be a real polynomial of degree n P (x) = a 0 x n + a 1 x n−1 + · · · + a n .
Denote by W (a 0 , a 1 , . . . , a n ) the number of sign changes in the sequence of coefficients of the polynomial a 0 , a 1 , . . . , a n (zero coefficients are not counted). If all the roots of P (x) are real then the number of positive roots (counted with multiplicities) is equal to W (a 0 , a 1 , . . . , a n ), otherwise it is less than W (a 0 , a 1 , . . . , a n ) by an even number.
Theorem 2 (Budan-Fourier). Let P (x) be a real polynomial of degree n. If all the roots of P on the segment [a, b] are real then their number is equal to the difference
otherwise it is less than this difference by an even number.
Here it is assumed that P (a) ̸ = 0, P (b) ̸ = 0. If some derivatives at a or b are zero then they are not taken into account in W .
The proofs of these theorems are based on the application of Rolle's theorem. In chemical kinetics there arise systems of non-algebraic equations (see, e.g, [2, 3, 4] ). By eliminating unknowns from such systems, we obtain an entire transcendental function (see [5] ). Therefore, there naturally arises a problem of an analogue of Descartes' rule of signs for the number of positive roots of an entire function, and of an analogue of the Budan-Fourier theorem for entire functions.
Suppose that an entire function f (z) with real Taylor coefficients has the form
Denote the number of sign changes in the sequence
by W − , and the number of sign non-changes in (2) Proof. Let W − be finite and equal to m and let the sequence of coefficients have no sign changes after some b s . Then the sequence of coefficients of the derivative f (s) has no sign changes. Either they are all negative, or all are positive. We assume that they are all positive (recall that the zero coefficients are removed). Then the function f (s) is positive on the positive part of the real axis.
If the function f has an infinite number of positive roots, then by Rolle's theorem its derivative f ′ also has an infinite number of positive roots, and so on. Therefore, the function f (s) must also have an infinite number of positive roots, which is impossible.
Rolle's theorem also shows that the number of positive roots (counted with multiplicities) does not exceed m + 1.
Corollary 1. If the number of positive roots of f is infinite, then the number of sign changes
If the number of sign changes W − is infinite, then the number of positive roots can be finite. Let all roots of f be real and the Hadamard expansion of the function f (z) has the form
where β j are real. This property have, for example, entire functions of not higher than the first order and of minimal type (see [7, Chapter 7] ). Proof. Let the number W − be finite and equal to m. The number of positive roots of the function is equal to k (it can be zero) and by Theorem 3 we have k m. Let the roots be α 1 , . . . , α k . If the number of negative roots is also finite, then f is a polynomial and the theorem follows from Descartes' rule of signs (Theorem 1). Let the number of negative roots f (z) be infinite and they be −γ 1 , . . . , −γ s , . . . .
Consider the polynomial
Then the number of sign changes in the sequence of coefficients of the polynomial P s (z) for each s is equal to k by Descartes' Theorem 1. We denote its coefficients by b 
and by Theorem 1 of Descartes the number of sign changes is k, which contradicts the assumption, If the number of negative roots is infinite and the number of positive roots is finite and equal to k, then by an argument above for sufficiently large s the number of sign changes for the polynomial P s (z) is equal to k and it is not less than the number of sign changes for the function f which contradicts the assumption.
The condition for all roots of an entire function f (z) to be real are studied in [8] . For polynomials they turn into the classical Hermite theorem (see, for example, [9] ).
If the function f does not admit the form (3), then Theorem 4 is not true.
Its order is equal to 1, the number of sign changes in the sequence of its coefficients is infinite but it has only one real root.
A situation is possible where the canonical product of a function can be a function of not higher than the first order and of minimal type, while the function itself is not. In this case, the question arises on factorization of the function, i.e. on isolation of the canonical product. This question was considered in [10] .
As a corollary, we obtain a theorem on the number of negative roots of f (z). Proof. This follows in an obvious way from Theorem 4 when z is replaced by −z.
Note that the number W + does not need to coincide with the number of sign non-changes in the sequence of Taylor coefficients of the function f , since some Taylor coefficients may vanish. However, if all the coefficients of a function are non-zero, then the number of negative roots of f (z) coincides with the number of sign non-changes in the sequence of the coefficients of the function.
Let us now consider the analogue of the Budan-Fourier theorem for entire functions. Proof. This also follows from Theorem 4 when w = z − a.
Consider the case when a, b ∈ R, a < b and f (a) ̸ = 0, f (b) ̸ = 0. Note that if for a function of the form (3) the number of sign changes in the sequence (5) is finite, then the number of sign changes in the sequence
is also finite, since to the right of a there are only finitely many roots of f by Corollary 3, so the number of roots lying to the right of b is also finite.
Since an entire function can not have an infinite number of roots on a finite segment [a, b], the converse is also true: if the number of sign changes in the sequence (6) is finite for a function of the form (3), then the number of sign changes in the sequence (5) is also finite.
Thus we obtain the following result.
